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Please use separate sheets for di�erent problems. Please provide the

following data on ea
h sheet

‚ name, surname and your student number,

‚ number of your group,

‚ number of the 
orresponding problem and its series.

Problem 1.

Let V “ linpp1, 2, 1, 0q, p0, 2, 1, 1q, p1, 4, 2, 1q, p3, 8, 4, 1qq be a subspa
e of R
4.

a) �nd a system of linear equations whi
h set of solutions is equal to V ,

b) let Wt “ tpx1, x2, x3, x4q P R
4 | 2x1 ` tx2 ` 2x4 “ 0u. For whi
h t P R the

subspa
e V is a subset of Wt, i.e. V Ă Wt?

Solution.

Put ve
tors horizontally in a matrix and perform elementary row operations to get

a redu
ed e
helon form (up to 
olumn permutation).

»

—

—

–

1 2 1 0

0 2 1 1

1 4 2 1

3 8 4 1

fi

ffi

ffi

fl

r3´r1
r4´3r1ÝÑ

»

—

—

–

1 2 1 0

0 2 1 1

0 2 1 1

0 2 1 1

fi

ffi

ffi

fl

ÝÑ

„

1 2 1 0

0 2 1 1



a) Any ve
tor in the spa
e V is equal to x1p1, 2, 1, 0q ` x4p0, 2, 1, 1q “ px1, 2x1 `
2x4, x1 ` x4, x4q for some x1, x4 P R. This is a general solution of the following

system of linear equations

"

x2 “ 2x1 ` 2x4
x3 “ x1 ` x4

Answer:

"

2x1 ´ x2 ` 2x4 “ 0

x1 ´ x3 ` x4 “ 0

b) sin
e V “ linpp1, 2, 1, 0q, p0, 2, 1, 1qq then V Ă Wt if and only if p1, 2, 1, 0q, p0, 2, 1, 1q P
Wt.

"

2 ` 2t “ 0

2t` 2 “ 0

Answer: for t “ ´1.
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Problem 2.

Let W Ă R
4
be a subspa
e given by the homogeneous system of linear equations

"

x1 ` x2 ´ 2x3 ` 2x4 “ 0

4x1 ` 5x2 ´ 3x3 ` 4x4 “ 0

a) �nd a basis and the dimension of the subspa
e W ,

b) �nd a basis A of W su
h that the �rst two 
oordinates of the ve
tor (1,-1,1,1)

relative to A are 1,´1.

Solution.

Solve the system of linear equations

„

1 1 ´2 2

4 5 ´3 4



r2´4r1ÝÑ

„

1 1 ´2 2

0 1 5 ´4



r1´4r2ÝÑ

„

1 0 ´7 6

0 1 5 ´4



The general solution is

"

x1 “ 7x3 ´ 6x4
x2 “ ´5x3 ` 4x4

that is p7x3 ´ 6x4,´5x3 ` 4x4, x3, x4q “ x3p7,´5, 1, 0q ` x4p´6, 4, 0, 1q.

a) Answer: The basis of the set of solution is p7,´5, 1, 0q, p´6, 4, 0, 1q. The di-

mension 2.

b) observe that p1,´1, 1, 1q “ p7,´5, 1, 0q ` p´6, 4, 0, 1q. Therefore p1,´1, 1, 1q “
p7,´5, 1, 0q ´ p6,´4, 0,´1q
Answer: The basis is p7,´5, 1, 0q, p6,´4, 0,´1q.

Problem 3.

Let A “

„

1 2

1 0



a) �nd matrix C P Mp2 ˆ 2;Rq su
h that C´1AC “

„

s 0

0 ´1



for some s P R,

b) 
ompute A100
.

Solution.

Compute the eigenvalues

det

„

1 ´ λ 2

1 ´λ



“ λ2 ´ λ´ 2 “ pλ ` 1qpλ´ 2q

Therefore λ “ ´1 or λ “ 2. Compute the eigenspa
es

Vp´1q :

„

2 2

1 1



Vp´1q “ tpx1, x2q | x1 ` x2 “ 0u “ linpp´1, 1qq

Vp2q :

„

´1 2

1 ´2



Vp2q “ tpx1, x2q | ´x1 ` 2x2 “ 0u “ linpp2, 1qq

a) We see that s “ 2. To get matrix C one need to put eigenve
tors in 
olumns in

the 
orresponding order. Answer: C “

„

2 ´1

1 1



.
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b) let D “

„

2 0

0 ´1



. Then D “ C´1AC and therefore A “ CDC´1
so A100 “

CD100C´1
. NowD100 “

„

2100 0

0 p´1q100



and from the formulaC´1 “ 1

3

„

1 1

´1 2



.

A100 “

„

2 ´1

1 1

 „

2100 0

0 1



1

3

„

1 1

´1 2



“
1

3

„

2101 ` 1 2101 ´ 2

2100 ´ 1 2100 ` 2



Answer: A100 “ 1

3

„

2101 ` 1 2101 ´ 2

2100 ´ 1 2100 ` 2



Problem 4.

LetA “ pp1,´1, 0q, p0, 2, 1q, p0, 1, 0qq be an ordered basis of R3
and let B “ pp0, 1q, p1, 1qq

be an ordered basis of R
2
. The linear transformation ψ : R3 ÝÑ R

2
is given

by the formula ψppx1, x2, x3qq “ px2 ` x3, 2x1 ´ x2q. The linear transformation

ϕ : R2 ÝÑ R
2
is given by the matrix MpϕqB

B
“

„

1 0

´1 1



.

a) �nd formula of ϕ,

b) 
ompute matrix Mpϕ ˝ ψqB
A
.

Solution.a) By de�nition of a matrix of a linear transformation

ϕpp0, 1qq “ p0, 1q ´ p1, 1q “ p´1, 0q,

ϕpp1, 1qq “ p1, 1q.

By linearity

ϕpp1, 0qq “ ϕpp1, 1qq ´ ϕpp0, 1qq “ p1, 1q ´ p´1, 0q “ p2, 1q

ϕppx1, x2qq “ x1ϕpp1, 0qq ` x2ϕpp0, 1qq

Answer: ϕppx1, x2qq “ p2x1 ´ x2, x1q
b)

Mpϕ ˝ ψqBA “ MpϕqBBMpψqBA

To �nd MpψqBA 
ompute

ψpp1,´1, 0qq “ p´1, 3q “ 4p0, 1q ´ p1, 1q

ψpp0, 2, 1qq “ p3,´2q “ ´5p0, 1q ` 3p1, 1q

ψpp0, 1, 0qq “ p1,´1q “ ´2p0, 1q ` p1, 1q

Therefore

MpψqBA “

„

4 ´5 ´2

´1 3 1



Mpϕ ˝ ψqBA “

„

1 0

´1 1

 „

4 ´5 ´2

´1 3 1



“

„

4 ´5 ´2

´5 8 3



Answer: Mpϕ ˝ ψqB
A

“

„

4 ´5 ´2

´5 8 3



Problem 5.

Let V “ linpp1, 1, 0, 1q, p0, 0, 1, 1q, p1, 1, 1, 2qq be a subspa
e of R
4
.

a) �nd an orthonormal basis of V ,

b) 
ompute the orthogonal proje
tion of w “ p0, 2, 0, 1q on V K
.
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Solution.

In order to �nd a basis of V put ve
tors horizontally in a matrix and perform

elementary row operations to get a redu
ed e
helon form

»

–

1 1 0 1

0 0 1 1

1 1 1 2

fi

fl

r3´r1ÝÑ

»

–

1 1 0 1

0 0 1 1

0 0 1 1

fi

fl ÝÑ

„

1 1 0 1

0 0 1 1



The basis is p1, 1, 0, 1q, p0, 0, 1, 1q.

a) to get an orthogonal basis we need to run the Gram-S
hmidt pro
ess on the

basis w1 “ p1, 1, 0, 1q, w2 “ p0, 0, 1, 1q.
v1 “ w1 “ p1, 1, 0, 1q,
v2 “ w2 ´ w2¨v1

v1¨v1 v1 “ p0, 0, 1, 1q ´ 1

3
p1, 1, 0, 1q “ 1

3
p´1,´1, 3, 2q. To get an or-

thonormal basis one need to normalize the ve
tors v1, v2.

Answer: Orthonormal basis of V is

1?
3

p1, 1, 0, 1q, 1?
15

p´1,´1, 3, 2q

b)

PV pwq “
w ¨ v1
v1 ¨ v1

v1 `
w ¨ v2
v2 ¨ v2

v2

PV p0, 2, 0, 1q “
p0, 2, 0, 1q ¨ p1, 1, 0, 1q

p1, 1, 0, 1q ¨ p1, 1, 0, 1q
p1, 1, 0, 1q`

p0, 2, 0, 1q ¨ p´1,´1, 3, 2q

p´1,´1, 3, 2q ¨ p´1,´1, 3, 2q
p´1,´1, 3, 2q “ p1, 1, 0, 1q

PV K pwq “ w ´ PV pwq

PV K p0, 2, 0, 1q “ p0, 2, 0, 1q ´ p1, 1, 0, 1q

Answer: PV K p0, 2, 0, 1q “ p´1, 1, 0, 0q

Problem 6.

Let

A “

»

—

—

–

1 2 1 2

0 2 2 2

1 3 1 4

2 4 2 5

fi

ffi

ffi

fl

, Bt “

»

—

—

–

3 1 0 5

2 1 2 ´3

0 0 1 t

0 0 1 4

fi

ffi

ffi

fl

,

where t P R.

a) 
ompute detA,

b) for whi
h t P R the matrix BtA
´1

is invertible?

Solution.a)

detA “ det

»

—

—

–

1 2 1 2

0 2 2 2

1 3 1 4

2 4 2 5

fi

ffi

ffi

fl

r4´2r1“ det

»

—

—

–

1 2 1 2

0 2 2 2

1 3 1 4

0 0 0 1

fi

ffi

ffi

fl

“ 1¨p´1q4`4 det

»

–

1 2 1

0 2 2

1 3 1

fi

fl

r3´r1“

“ det

»

–

1 2 1

0 2 2

0 1 0

fi

fl “ 1 ¨ p´1q2`3 det

„

1 1

0 2



“ ´2

Answer: detA “ ´2

b) matrix M is invertible if and only if detM ‰ 0

detpBtA
´1q “ detB detpA´1q “ detBtpdetAq´1
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ThereforeBtA
´1

is invertible if and only if detBt

blo
k

matrix“ det

„

3 1

2 1



det

„

1 t

1 4



“

4 ´ t is non-zero

Answer: for t ‰ 4.

Problem 7.

Let Qt : R
3 ÝÑ R be a quadrati
 form given by Qtppx1, x2, x3qq “ x2

1
` 2x2

2
` 2x2

3
`

2x1x2 ` 2tx1x3.

a) for whi
h t P R the form Qt is positive de�nite?

b) 
he
k if Qt is either positive semide�nite or negative semide�nite for t “ 1.

Solution.

Matrix of Qt is

»

–

1 1 t

1 2 0

t 0 2

fi

fl

a) by Sylverster's 
riterion form Qt is positive de�nite if and only if

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

detr1s “ 1 ą 0

det

„

1 1

1 2



“ 1 ą 0

det

»

–

1 1 t

1 2 0

t 0 2

fi

fl “ 2 ´ 2t2 ą 0

Answer: t P p´1, 1q
b) Substitute t “ 1 and 
ompute the eigenvalues.

det

»

–

1 ´ λ 1 1

1 2 ´ λ 0

1 0 2 ´ λ

fi

fl “ ´λpλ2 ´ 5λ` 6q “ ´λpλ ´ 2qpλ´ 3q

All eigenvalues (i.e., 0, 2, 3) are non-negative therefore the form Q1 is positive

semide�nite.

Problem 8.

Consider the following linear programming problem 6x2 ´ x3 ` 3x4 ` x5 Ñ min in

the standard form with 
onstraints

"

x1 ` 3x2 ` x3 ` 2x4 “ 6

` 2x2 ` x3 ` 2x4 ` x5 “ 2
and xi ě 0 for i “ 1, . . . , 5

a) whi
h of the sets B1 “ t3, 4u,B2 “ t1, 5u,B3 “ t3, 5u are basi
? Whi
h of the

sets B1,B2,B3 are basi
 feasible and whi
h are basi
 infeasible?

b) solve the above linear programming problem using simplex method.

Solution.

The simplex tableau is

« ff

0 6 ´1 3 1 0

1 3 1 2 0 6

0 2 1 2 1 2

a)

B1 :

„

1 2 6

1 2 2



is not basi
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B2 :

„

1 0 6

0 1 2



is basi
 feasible

B3 :

„

1 0 6

1 1 2



r2´r1ÝÑ

„

1 0 6

0 1 ´4



is basi
 infeasible

b) Start with B “ t1, 5u
« ff

0 6 ´1 3 1 0

1 3 1 2 0 6

0 2 1 2 1 2

r0´r2ÝÑ

« ff

0 4 ´2 1 0 ´2

1 3 1 2 0 6

0 2 1 2 1 2

The least number in the zeroth row is ´2 (ex
luding the last 
olumn) whi
h

belongs to the third 
olumn so s “ 3. The ratios between numbers in the last


olumn and the third one are

6

1
, 2
1
and the least ratio is 2 whi
h 
orresponds to

the se
ond equation so r “ 2. Therefore 3 enters the basi
 set and the se
ond

number leaves so B “ t1, 3u

« ff

0 4 ´2 1 0 ´2

1 3 1 2 0 6

0 2 1 2 1 2

r0`2r2
r1´r2ÝÑ

« ff

0 8 0 5 1 2

1 1 0 0 ´1 4

0 2 1 2 1 2

All numbers in the zeroth row (ex
luding the last 
olumn) are positive therefore

the basi
 set B “ t1, 3u gives an optimal solution.

Answer: the minimum of the obje
tive fun
tion is ´2 and it is attained at the

point xt1,3u “ p4, 0, 2, 0, 0q of the feasible set.


